ON THE REDUCTION OF A BILINEAR QUAXTIC
OF THE #™ QRDER TO THE FORM O A
SUM OF = PRODUCTS BY A DOUBLE
ORTHOGONAL SUBSTITUTION,

By Prolessor Syleesfer.

A uoMoGgEXEOUS lingo-linear function 1o two sets of
variables
@Yy e B Uy Uy eee W

will contain »° termst two independent orthogonal substitutions
performed on the two sets will introduce twice g {n—1)
disposabls constants, and by a suitable choice of these, n*—n
terms of the transformed function may be made to vanish so
as to leave a sum of products of the new @, ¥, ... & paired
with the new wu, v, v.. w3 it wiil of course be found in general
impossible to obliterate any arbitrarily chosen (n' —n) terma
in the transformed function; sinee if i the # remaining
produets one letter of one set were combined with more than
one of the ather set, this would (by meane of a further super-
imposed crthogonal substitution] be equivalent to taking
away more than (r'—n) terms by weans of only (n'—n)
disposable constants, It is very easy to effect the trans-
formation indicated Ly a method very analogous to that of
redncing a quadrie in n variables by an orthogonal substitution
to its canouical form, and to show & posterior? that the
substitutions are always, real in this case as in the other, when
tha original coefficients are real; but it willy I think, (although
not nccessary) be found interesting and instructive to prove
& priors the {atter assertion by a similar method to that apphed
to Quadrics in the last number of the Messenger, I will begin
then with this preof, reserving the complete solution of the
problem to the end of the article, The leading idea in this
as in tho preceding article is to regard a finite orthogonal
substitution as the product of an infinite pumber of infini-
tesiwnal ones.

1°. For aze + gz + Syu + byv.

Let , 73 u, v become @-+ey, —s2+y; U+ Ay, —Au+tv
respectively, then

Se=ch—1bz, 8B=0az-10},
ade + 338 = (au=bB) A + [af - ba}s.
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Hence o' -+ 3 may be made to decrease uuless a=0,5=0,

- ﬂ ﬂ - L] 1} ]
ora=0, 8=0, or s = —=+1, o which case sincs
b B

(6+o (w+y (utej+{e—a w—7) (v—2y;

=2 (ww+yv) + 2o (20 + yu),
(o= (@) (e = v+ (a1 0 {w—g) (w9

= 2a (wu — yv) + 22 [wy — yu),
the form s immedintely canonizable,

Hence in the infuite zuceession of infinitasimal orthogonal
substitutions (equivaient to a single one) cither @ and & or
¢ and A wust vanieh simoltaceovsly, on which supposition
the ferin {s canonieal or else it i3 vedueible to the cancnical
form by a second Bnite orthogonal substitution,

Lot us uow proceed to the case of & ternary bilinear form
0y Y, £ M, W,

I suppose by the previous caso the form to be deprived of
two terins, acd that we Lave to deal with the foria

aien -+ dyw + faew L guz -k Tyw 4 kvz 4 ez

Lemma, If f=0,9=0, or =0, k=0 the above form is
reducible by tho previgus case, Also if o'=0" and f=0,

: ZAN y i 7
h=0, or g=0,%=C, or o"=5" end I\%) = {?) the form is

reducible to the previous case by a single additional finite
orthogoral travsforwation,
Tar the sake of orevity Ileave the proof to my readers,
Tutrodocing now two infinitezimal orthogonal subatitutions
witl parameters g, 9, €5 A, @, " we vbiaiv the variations
& =ou—he —cny Sh=bv + fz —cb,
Sg=an — kA —ep, Bh=058+4 gh— cv,
also in order to keep the coeficients of xw, yu at aully we
niust Dave
an—hs— fv—In=0,
— D+ aa—-gd—hu=0.

T
* The positive values of the parameters ‘n each eystem so¢ anpposed to belong
to the uppor, and the negative values o the lowes half of cach criliogounl motiix.
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From the previous equations we obtain
Fof + g8g + hdk + kok
=(af —cg) g+ (bh—ck) v+ (ug —cf } p+ (b~ ch) 0.
1°, Suppose o' —b* not zero; then p, v, m 0 will be

independent and their cocfficionts cannot ail become zero
unless /=g and A" =4*, or else f=0and g=0, or A=0 and
k=0, on either of which suppositions the formm hecomes
canonizable by virtue of the Lemma.

9°, Teta®=0. 'Then we must have
frrhni(gf+hp)=0,

which T shall satisfy by moking /v +gf0=0, kp+hu=20.
Ience

Bfef={laf —cg) k= ag—cf ) 1) p+ lah — k) g F (ak = ¢h) f] r,

p, T being two arbitrary infinitesimals,

Theretere 2£8/ may be made negative unless the multipliers
of o and 7 ure buth zere, in which case by addition or sub-
traction we obtaln fk= ghy consequently two out of the four
variables £, g, 4, & are zero, or elss % = ‘-i, and on either of
these suppositions the transformed function may be canonized
by virtue of what has been proved in the case of two biliteral
sets, or may by a finite orthogonal substitution be brought to
a torm so cananizable.

Hence it is clear that either /, ¢, A, & may all be made to
vanish, or else we must pass through » form known to be
canomizable, This is the proof for a bilinear function of
triliteral scts, which may be easily extonded to a bilinear
function of n-literal sets,

I will now give the method for effocting the reduction
wlich is thus proved to be always capuble of being effected
by real substitutions,

Let Zu, .y, be the given bilinear function B,

TyB T
4

Then = [Eri?) which is an orthogonal invariant of B qull

the y’s, i a Quadratic {unetion of the 2’s, which will have an
orthogoual substitute qud the &'s of the form 2 (AL

1i then B is reducible by a double orthiogoual substitution
to the forn ¥ [fx,y], we must have Z[€«, | orthogonally
equivalent to E[Az,’], and this can only be the case when
the @'s are respectively (in any ovder) the squarcs of the A's.
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The £'= T eall tke Canonical Multipliers to B,
This gives rise to the following rule:
Horws tue Matrix “m,

Ha,l? Iﬂs',l'- B ”",11

) {r (49

1,49} g1 "t ey )

*RERES llll-"'.ill-l!-llj

@

1,23 az,u R G“!“.

From this derive & DMatrix [M ], a fulse square of [w],
obtained by multiplying each line in it by oll the lines
(according to Caueny's rule, in fact, for the multiplication of
Determinants), Then the latent roots of [ M | are the squares
of the Caucnical Maltipliers to B,

2% dB\* d2\? .

But if instead of = (ﬁ) we take = (— | and deal with

l.’fy* \d«ﬂr.f

it in liko manner, we sball obtain a matrix [»], such that
[m] and [n] are transverse to each other, the lines and columns
of the one being the colummns and lines of the other: the
Cauchinn Sguare of [#] will give rise to a matrix [N] different
from [Af] but Laving the same latent roots: in fact the
coefiivients of the equation to the latent roots alike of m and
of [n] with the signs in the alternate places changed will be
unity, the sum of the squares of all the terms in [m] or Eﬂ],
the eum of the squares of the minors of the 274, 8™, .., orders
in [m] or [n]; snd finally the last coeflicient will be the square
of the determinant to [m] or [n]: so that we shall obiain as
we ought the same set of canonical multiplicrs whichever
matrix [2] or [N] we employ; but in order to obtain the
substitutions which must be impressed on the « sct and the
¥ set to arrive at the Canonieal form in which only n products
appear we shall want both g.ilfj and [N7]. Let me, however,
pause for a moment to call attention to the interesting fact
that the sum of the sguares of the cocflicients in B by virtue
of being a coefficient of the latent function to [M ] or [N] 18
necessarily a bi-orthogonal invariant to B3 30, too, all the other
cocflicients in this function are such invariants: and among
them the last, which is the square of the determinant to [m]
or [#l. 'Thus then this determninant {which may be termed
the diseriminant] is an Invariant aike for the two theories;
viz. the better known one in which the = sct aud the y set are
subjected to the same general substitution, and the ane hero
cousidercd where these sets arc subjeeted to two independent
orthogonal substitutivns,



45 TROF. SYLYESTER, REDUCTION OF BILINEAT QUANTICH.

In elther theory the vanishing of the discriminant is the
signal of the Canonieal form beeoming shore of one term,

It is &lso proper to notice tha: the laternt voots of {f‘q
or [N], which by virtue of [M] and [¥] being symmetrica
matrices ave necessarily real, are for these particolar forms of
[M] and [V] positive as well as real since the cocfficients
with the alternate signg changed are all pesitive, being the
surmg of squares of roal numbera,

Lo complete the solution 1t remains to find the two
canonizing orthogonal matrices, but these are krown by the
ordinary theory for quadrics: thus the @ substitution will be
that which eanonizes [M] and the y substitution that which
canonizes [V,

Conversely, if [A1] and [WV] are enpposed given, we shall
know the linear functions of the ='s whicl substituted for
Ty, Ty .00 @, aud the linear function of the 7's which sabstituted
for y,, ¥,y oo @,y such that 2N ke o, shall bo identical with B,
ths \'s 2’ccing the latent rootd common to [W] and [A
There will be 2" systems of values represented by A% A% L. a T
thus then 2" matrices tronsverse to oue another can be found
such that thair false squarcs shall be respeetively identical
with any two given symmetrical matrices bhaving the same
latent roots, and we are thus emabled indirectly, through the
thoory of bi-orthogonal canonization, to obtain the solution of
a problem which intrinsically has or seems to have nothing
to do with orthogonal or other transformation,

It is worthy of cbservation that thiz problem of finding the
so-to-say false square roct common to two given symmetrical
matrices having the same latent equation, admits of precisely
the same number (2") solutions as %hc problem of ﬁnging the
true square root of one general matrix, Forif [M] be any
given matrix of order n and [1] represents the unit matrix of
that order, namely the matrix all of whoss terms are zeros
except those in the principal diagonal which are units, we
know by virtue of a gencral theorem that calling A, Ay vuu A
its n latent roots, each true square root of LM | is represented by

s (= A D I =2, 11 . (] -, (1]

l;"'l. ik }".':I} th_ }La} 'lr.ll e ?"':-....}' *

New College, Oxford,
5th Aprid, 1889,
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